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1 Introduction 

Recently there has been great progress in the study of the integrable defects in two-dimensio¬ 
nal classical held theories. Defects, as originally introduced in [1, 2], can be understood as 
internal boundary conditions linking helds of both sides of it, and described by a local 
Lagrangian density. It was shown for several models in [l]-[9] that these defect conditions 
are related to the Backlund transformations frozen at the location of the defect, and preserve 
integrability of the original bulk theory after including some compensating contributions to 
the conserved quantities. This kind of defect is named type-I if the helds on either side of it 
only interact with each other at the defect. And it is called type-II if they interact through 

additional degrees of freedom present only at the defect point [10]. This type-II formulation 

f2) 

proved to be suitable not only for describing defect within the Toda model, which had 
been excluded from the type-I setting, but it also provided additional types of defect for 
the sine-Gordon and other Toda models [11]. Interestingly, it was established a relationship 
between these two type of defects. At least for the sine-Gordon model [10, 12], and in general 
for affine Toda held theory [13], the type-II defects can be regarded as fused pairs of 
type-I defects. However, the type-II defects can be allowed in models that cannot support 
type-I defects, as it was shown for the Tzitzeica or Toda model [10]. In fact, it was also 
shown in [10, 13] that the type-II defect in the Toda model can be interpreted as being 
the result of folding a type-II defect in the Toda model. 

The question of deriving the associated inhnite set of conserved quantities in the presence 
of defects has been initially handled by using the Lax approach for a wide class of models 
[14]-[17]. The integrable defect conditions are encoded within a defect matrix, which allows 
to compute the modihed conserved charges for the total system. 
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On the other hand, the question of involutivity of the modihed conserved charges has been 
addressed by using intensively the algebraic framework of the classical r-matrix approach 
[18]-[24]. In this context, the description of the integrable defects requires to introduce a 
modihed transition matrix satisfying an appropriate Poisson algebra. 

At hrst sight, it seemed not to exist a direct way of linking these two different approaches 
for integrable defects. However, very recently a new approach to the subject has been 
proposed to provide a link between the two previous points of view by using a multisymplectic 
formalism [25, 26]. This approach was successfully implemented for the nonlinear Schrodinger 
(NLS) equation and the sine-Gordon model. 

The main purpose of this paper is to propose a supersymmetric extension of the type-II 
integrable defect for the iV = 1 super sinh-Gordon (sshG) model, and to study the integra- 
bility of the system through the Lagrangian formalism and Lax approach. The presence of 
integrable defects in the = 1 sshG model has been already discussed in [5, 27]. However, 
the kind of defect introduced in those papers can be regarded as a “partially” type-H defect 
since only auxiliary fermionic fields appears in the defect Lagrangian, and consequently it 
reduces to type-I defect for sinh-Gordon model in the bosonic limit, where the fermionic 
helds vanish. 

Our idea in this paper is rather to hnd a direct supersymmetric extension of the type-H 
defect of the sine-Gordon model proposed in [10]. The program of finding supersymmetric 
extensions of integrable type-H defects has started with the N = 1 super-Liouville model 
[28]. The key point in deriving the defect Lagrangian was based on a generalization of 
the super-Backlund transformation for the equation, by including a new (chiral) superheld 
A(x, 6) in the formulation. Following the same line of reasoning, in section 2 we propose 
a generalisation of the super-Backlund for the iV = 1 sshG model by introducing two new 
superhelds in the description, so that the pure bosonic limit reduces to the type-H defect 
for the sinh-Gordon model. In section 3, we introduce the Lagrangian description for the 
type-H defect in the sshG model totally consistent with the new super-Backlund. We also 
present the supersymmetry transformation that leave the total action invariant and derive 
the modihed conserved supercharge, energy and momentum. The bosonic and fermionic 
limit are discussed as well. 

The fusing procedure will be discussed in section 4. It will be shown that the type-H 
defect for the sshG model derived from consistency with the proposed super-Backlund can 
be obtained by fusing two defects of the kind given in [5] for the sshG model. In section 5 we 
analyse the classical behaviour of one-soliton solutions of sshG equation passing through the 
type-H defect. Section 6 contained some hnal remarks and comments on future directions 
which have emerged from this work. 

The integrability of the system will be discussed by computing the associated defect 
matrices which generate the inhnite set of the associated modihed conserved quantities. The 
explicit computations will be presented in appendix A. 
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2 Type-II super-Backlund for = 1 sshG equation 


In this section we construct a new super-Backlund transformation for the iV = 1 supersym¬ 
metric sinh-Gordon (sshG) equation. Let us first introduce a bosonic superfield, 

$ = 0 — -0 -(- z6*2 V' ~ i0i92F, (2.1) 

where 0 an F are bosonic fields, '0 and '0 are fermionic fields, and 6i, i = 1,2, elements of the 
Grassmann algebra. Then, the N = 1 sshG equation can be written in terms of superfields 
as follows 


= zmsinhd). 


( 2 . 2 ) 


where the superderivatives are given by 


D+ = -ide^ 9id+, D_ = idg^ + 92d_, = =Fi9±, {D+, D_} = 0. (2.3) 

We denote the light-cone coordinates x± = x ±t, and then d± = \{dx ± dt). Using the form 
of the superfield (2.1), we can write eq. (2.2) in components. 


d+d-cf) = 

Tn‘^ — 

sinh 20 — imijj'ip sinh 0, 

(2.4) 

d-i) = 

—m0 cosh 0, 

(2.5) 

d+ij = 

—7710 cosh 0, 

(2.6) 


with the auxiliary field given by F = msinh^. Now, we propose the following super- 
Backlund transformation for the sshG equation connecting the two solutions and <I >2 as 
follows. 


A -A) 

= CUi 62 / cosh 1 


(*+-A) ~ 

F+A 

= 0)2 e 2 / 


(<1>+-A) 


= 0)3 6 2 / - 

F_$_ 

= oji f sinh ( 




T 


/ sinh 




T 


(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


where <I>± = ± $25 and we have introduced two fermionic superfields / and /, as well as 

a new bosonic superfield A, which satisfy respectively the following equations. 


D+f = 

im ('i'+-A) 

- 6 2, 

D^f = 

im A 

-6 2 sinh 


im A 


CJs 

im (*+-A) 

D-f = 

- 6 2, 

F>+f = 

- 6 2 

UJ 2 

074 


~Y 

sinh 




( 2 . 11 ) 

( 2 . 12 ) 


Here, {uk]k=i are four arbitrary constant parameters. By cross-differentiating eqs. (2.9) and 
(2.10) we find that if satisfies the sshG equation then $2 also satisfies it. Besides introduc¬ 
ing a new bosonic superfield A in eqs. (2.7)-(2.12), the supersymmetry and the Grassman- 
nian property of the superderivatives D± require the introduction of not only one fermionic 
superfield / like previously was proposed in [29], but two fermionic superfields (/, /). 
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The additional superfield / allows the possibility of having independent contributions coming 
from the terms of the form exp(±A/2). The introduction of this new superfield might be 
better understood in section 4 by discussing the fusing procedure. Note also that even when 
A = 0 there is no direct limit between the super-Backlund proposed here and the one given 
in [29], and then they will be regarded differently. In addition, when 'ip and p) vanish, eqs. 
(2.7)-(2.12) will reduce to the type-II Backlund transformation for the sinh-Gordon model 
[10]. For that reason, they will be called type-II super-Backlund transformation for the 
N = 1 sshG equation. Now, let us introduce 6 '-expansions for the superfields A, /, and /, 
namely 


A = 

Ao — i0i\2 i02Xi — i0i92\3y 

(2.13) 

/ = 

/i — iOibi + Z02&2 ~ *^ 1 ^ 2 / 2 ; 

(2.14) 

/ = 

/i — i9ibi + i92b2 — i9i92 /2, 

(2.15) 


described by six bosonic {Aq, A 3 , 6 i, 62 , ^ 2 }, and six fermionic {Ai, A 2 ,/i,/ 2 ,/i, / 2 } fields. 

Then, we can write down the super-Backlund transformation (2.7)-(2.12) in components 
following the same procedure previously implemented in [5, 27]. After some algebra the aux¬ 
iliary fields {F±, bi, 62 , bi,b 2 , / 2 , f 2 , Ai, A 2 , A 3 } can be eliminated, and we obtain the following 
simplified set of equations containing only the auxiliary fields Aq, /i, /i, namely 


d-{(p+ - Ao) = 
^+•^0 = 

d+(j)- = 

= 

V'- = 


iUl ^ f4’-\ 

e ° sinh 0 _ -|—— e 2 cosh y—j'ip+fi 


lUiUi 

-smh , 

2 V 2 


moji 
2 (jJ 3 

2cj4 2 \ 2 


!!^e-G+-Ao)sinh2 

UJ 4 V 2 


uji 2 


iu:2 (-^+-^ 0 ) . , / 0 - , , „ 

e 2 smh )V’+/i, 


An . , 2 


3 ^“ sinh^ 


Ws 


, mOJi _An ^0JA _lo . ? 

O / +-e ^ ^ ^ ^ 

/ / UJ 2 ^ 


sinh 

-wie^sinh (^)/i -^4 e"^/i. 


V’- 

= 002 e 

d+fi 

m 

2uj\ 

d-h 

m 

2^3 

dji 

m 

2u 

d-h 

m 

2uJ2 


(</)+-Ao) 

2 


sinh ( — ) /i - ^3 e 


(c/)|—A q) 


/i, 


(</>+-Ao) _ 

e 2 pj^ + uj 2 cosh ( ^ ) /i 


e 2 ° sinh ( ^ j' 0 + - ^^4 cosh ) /i 


e ^ ^2 sinh ( ^ j^+ + 1^3 cosh ) /i 


e 2 ° + cji cosh j /i 


/i/i,(2.16) 


(2.17) 

(2.18) 

(2.19) 

( 2 . 20 ) 
( 2 . 21 ) 
( 2 . 22 ) 

(2.23) 

(2.24) 

(2.25) 
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These equations represent the type-II super-Backlund transformation for iV = 1 sshG model 
in components, which depend upon four arbitrary parameters 


3 Type-II defect for = 1 sshG model 

Here we introduce a Lagrangian description of type-II defects in the iV = 1 sshG model 
which satishes super-Backlund transformations frozen at a: = 0. 


3.1 Lagrangian description 

The Lagrangian density can be written as follows, 

C = 9{-x)Ci +9 {x)C 2 +6{x) Cm (3.1) 


with 

Cp = ]^{d:,(i)pf+ iipp{d:, + dt)tpp-ii)p{d:,-dt)^pp + Vp{(t)p) 

+lTp(0p,'0p,^/>p), (3.2) 

where (pp are real scalar helds, and ipp, ipp are the components of Majorana spinor helds in 
the regions x < 0 (p = 1) and x > 0 (p = 2) respectively. The bulk potentials are given by, 

Vp = m^(cosh(2(;/)p) — 1), ITp = —4im'0p'0pCosh0p. (3.3) 

Now, the defect Lagrangian density Cd can be written in the following way^, 

+Bo~\(t)-Ao) + - Ao,0-,'0+,/i,/i) + 5("^(0_,Ao,V'+,/i,/i)- (3.4) 


Here, we also have introduced the bosonic held Ao(t) and the fermionic helds /i(t), and /i(t), 
which are all associated with the defect itself at x = 0. The corresponding defect potentials 
are given by. 


B, 


(+) 


B 


= wJe-‘*+-"»>smhd—)+^e 

V 2 / 


((/i+-Ao) 


-e~^° 

2 ^ ’ 


= i 


m (^+-^q) 


( 0 | —Aq) 


— e 2 V’+/i-^ 2 e 2 sinh — -0+/!-cosh — /i/i 


UJl 


mu2 


Ui 


B^~^ = -i 


m 


UJ2 


e 2 -f cui e 2 sinh — j'lp+fi H-cosh 


moji 


002 


/i/i 


(3.5) 

(3.6) 

(3.7) 

(3.8) 


®Froin now on, we will use the field coordinates b± = bi i 02,'*/’± = t/’i ± ^ 2 , and 'ip± = ipi ± ip2 to 
describe expressions associated to the defect. 
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where {a;fc}fc=i are constant, and m is the mass parameter. In this setup, we can see that 
the defect potentials (3.5)-(3.8) satisfy the following relations. 


dB^ 

d'lp- 


dB 


(+) 


dB 


(-) 


dXr 


0 , 


dB\ 


(±) 




d(t)+ 

= 0 , 


0, /c = 0,1, 

dB\'^^ dB\~^ 

d'ip+ ’ 


The bulk helds equations are given by. 


— d^(j)p = 2w? sinh(20p) — 4dm 'il^piljp sinh (j)p, 
{dx - dt)'ipp = - 2 m ipp cosh cjyp, 

{dx + dt)'ipp = - 2 m 'ijjp cosh 0p, P = 1, 2. 


(3.9) 

(3.10) 


(3.11) 


Then, the defect conditions at a: = 0 can be written as follows: 


dx(l)+ - dt{((>+ - Ao) 

{dx + 

{dx - dt)4>- 

V'- 

i’- 

dtfi 


dtfi 


—e^° sinh (/>_ e '^+ 


+ im 

'ui 

UJ 2 

-T - 


bJ 2 

CUiJ 


sinh 


+iu}ie 2 cosh j'0+/i + iu 2 e 2 cosh j V’+/i, 




2 m? 

uj ' 

sinh 


,(0+ ^0) — - p 2 1 ) 




0_\ 2 m^ im 


- 2 ui sinh^ V + —- —e-^V'+Zi 




UJ 2 


+iujie 2 “ sinh 


-^0 


-ui e 2 sinh — /i-e ^ fi, 


m 


(.j>+-Ao) _ 

U 2 e 2 sinh 


002 

~ m (-A+-A 0 ) 
/i-e 2 

CUi 


^+/i 


)/i/i 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 


m 

-—e 

2tai 



(<))_l_-Ao) _ 

2 




e 2 sinh 




oil ^ a;2 
a;2 uJi 



m , Ci ;2 (<^+-^ 0 ) , - 

-e 2 ii), -e 2 sinh 

2a;2 2 


m 




(3.17) 


(3.18) 


These defect conditions are consistent with the type-II super-Backlund tranformation (2.16)- 
(2.25) for the sshG model frozen at x = 0, providing that relations coicos = m and OJ 2 OJ 4 : = m 
are satished. Note that the number of equations specifying the defect conditions is less 
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than the number of equations describing the type-II super-Backlund. In fact, there is one 
less defect equation for each auxiliary held we have in the Backlund transformation®. This 
feature distinguishes the type-II from the type-I defect, which Lagrangian description leads 
directly to the frozen Backlund transformation itself, because there is no auxiliary helds in 
the formulation. 

Now, if we apply the operators d± to eqs.(3.15) and (3.16) respectively, and using properly 
the above defect conditions, we can verify that the respective x-derivatives of the auxiliary 
helds fi and fi are given by, 

{^)h, ( 3 . 19 ) 

cosh (^)/i- (3-20) 

3.2 Modified conserved quantities 

In this subsection we derive explicit expressions for the defect contributions to the modihed 
conserved supercharges, momentum and energy. 

Defect supercharge 

The supersymmetry transformations that leave invariant the bulk action for the iV = 1 sshG 
model, namely 


dxfi 

dxfi 


m (<t>+-^o) j oJi ho . , 
e 2 -|- 0 2 smh 


UJ2 ('^+-^o) 

-e 2 

2 


+ 


m 


sinh 


- m _ho , m 


0J2 (^1 

OJl UJ2 

OJi 


0J2 


cosl 

u:2 

Ul 


XE 

^s'lpp = y (^ 3 ; - dt)4>p + ime sinh 0 p, 

- is 

Ssi^p = -^{dx + dt)4>p - ime sinh (j)p, 


(3.21) 

(3.22) 

(3.23) 


with p = 1 , 2 , lead to the associated bulk conserved supercharges and Qg, which are given 
as integrals of local fermionic densities as follows. 


POO 

/ dx (pjj (dt — dx)(p + 2m%[) sinh 0 ) , 

/ —OO 

(3.24) 

POO 

/ dx (0 {dt + dx)(p — 2 m 0 sinh 0 ) . 

/ —OO 

(3.25) 



However, when the defect is introduced into the theory we have seen that the variation of 
the bulk action lead to surfaces terms, and then the variation of the defect Lagrangian has 
to cancel them out exactly to preserve iV = 1 SUSY. To do that, is necessary to use the 

®In general, if there exist m equations describing the Backlund transformation for an integrable equation, 
with n <m auxiliary fields, then the corresponding defect equations should be described by {m—n) equations 
valid at the defect point. 











following supersymmetry transformations of the degrees of freedom at the defect, 


(5oAn — s 


+ uie 2 ° cosh ( ^ ) /i 


V, t 'T- \ r 

euj 2 e 2 cosh I — ) ji, 


^sfi = e 2 sinh 

2 / oji 

~ ime . _ (<^+-^o) 

bsti = -e 2 -loj^ee 2 

072 


-e 2 


sinh ( — ), 


(3.26) 

(3.27) 

(3.28) 


where £ and e are Grassmannian parameters. Let us compute the associated defect contri¬ 
bution to the supercharges after introducing the defect at x = 0 , 


Qe = 
Qe = 


dx ('?/’i(5i - dx)(t)i + 2m-?/>i sinh 0i) + dx {ip 2 {dt - dx)4>2 + 2mip2 sinh 02 ), (3.29) 


' —00 

/•o 


dx + dj;)(j)i - 2m0isinh0i)-F / dx {i> 2 {dt + d^)(f )2 - 2 m 02 sinh02)-(3.30) 


Taking the time-derivative lead us to 
dQe 


dt 

dQe 

dt 


'0i(5x0i - 5i0i) + 2m0i sinh 0i - '02(5x02 - 5*02) - 2 m 02 sinh ( 
■01 (5x01 + 5*01) + 2m0i sinh 0i - 02(5^02 + 5*02) - 2 m 02 sinh 02 


- x=0 


x=0 


, (3.31) 
(3.32) 


Now, by making use of the defect conditions (3.12) -(3.18) we hnd after some algebra that 
the right-hand-side of eqs. (3.31) and (3.32) becomes a total time-derivative, and then the 
modihed conserved supercharges take the following form. 


Q — Qe + Qdi Q — Qe + Qd, 

where the defect contributions are given by 


-^0 


Qd = -2uji e 2 sinh — /i H-e 2 


2m 


(</>+-Ao) 

Qd = 20026 2 sinh 


Defect Energy-Momentum 

First of all, let us consider the canonical energy. 


002 

~ 2m ('j>+->o) „ 
/i +-e 2 

OJi 


(3.33) 

(3.34) 

(3.35) 


E = 


dx 


+ 


dx 


^(5x0l)^ + ^(5*0i)^ - *015x01 + #l5x01 + V 1 + W 1 
-(5x02)^ + -{dt4>2y — *025x02 + *025x02 + V 2 “t" W2 


+ 


(3.36) 


with the bulk potentials given in eqs. (3.3). Then, by computing its time-derivative and 
using the defect conditions (3.12)-(3.18), it can be shown that the modihed energy given by 
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8 = E + E£) is conserved, where the defect contribution E^, is given by, 


Ed = 


- ^0, 0-) + ^0 ^o) + ^ [-0+^- - -0+^-] 


- Ao,0-,'0+,/i,/i) + B[ ^(0_, Ao,'0+,/i,/i) 


(-)i 


(3.37) 


The conservation of the modihed energy does not impose any constraints on the defect 
boundary potentials. This fact was expected since the time-translation invariance has not 
been broken. Now, let us consider the bulk contribution to the total canonical momentum 

/ O ^+00 

dx{dt(j)id^(j)i - - iipid^'tpi) / dx{dt(j)2dx4>2 - #25x^2 - #25x^2)(3.38) 

-00 J 0 


Analogously, by taking its time-derivative and using the bulk held equations (3.11), we get 
the following expression. 


dt 


+ \{3.hr 


- iipidtiJi - -Vi-Wi 

- i^2dt^2 - i' 4 ’ 2 dt'il >2 -V2-W2 


- x=0 


x=0 


(3.39) 


where the asymptotic contributions at a: = ±00 are neglected. Now, using intensively the 
defect conditions (3.12)~(3.18), the right-hand side of the above equation reduces to a total 
time-derivative since the defect potentials satisfy the two following conditions, 

2 = Vi - 1^2, (3.40) 

2 {d^_Bi;^dxA~^ - dxA'"^d^_Bi-^) - 2 {d^_Bi-^dxA'"^ - dxA~^d^_B[-^^) 

-i =Wi- W 2 . (3.41) 


Then we have that, the modihed momentum V = P + Pd is conserved, where the defect 
contribution is given by. 


Pd = 


(0+ - ^ 0 , 0-) - Bq ^ (0-, Ao) + - ['0+'0- + "0+^-] 


- Ao, 0 -,' 0 +,/i,/i) - B[ ^( 0 _, Ao,' 0 +,/i,/i) 




(3.42) 


Interestingly, the conditions (3.40) and (3.41) are Poisson bracket (PB) relations whenever 
the defect potentials B^'^ are regarded as functions of Aq, /i, and /i, and their respective 
conjugate momenta. 


Bao = 

It is worth pointing out that the defect potentials B^^'^ given in eqs. (3.5)-(3.8) are particular 
solutions of the above the PB relations. However, these conditions are valid in general for 
any model with defect Lagrangian given by (3.4). It is important to point out that the pure 
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bosonic PB relation (3.40) has been previously derived in [10], where several examples for 
type-II defects were given. In particular, its solutions allowed to encompass the Tzitzeica- 
Bullough-Dodd model within the purely bosonic type-II framework. To our knowledge, 
beside the defect potentials for the iV = 1 sshG equation (3.5)-(3.8), the only already known 
solution for this pair of PB relations (3.40) and (3.41) has been given in [28] for the iV = 1 
super-Liouville equation. However, it is natural to believe that exists also other possible 
solutions like in the bosonic case, and therefore it would be interesting to look for more 
examples of possible supersymmetric extension of type-II integrable defects. 

The results obtained for the defect contribution of the lowest conserved quantities provide 
a necessary condition for integrability. However, a sufficient condition involves also higher 
modihed conservation laws which can be computed from the defect matrix. The computation 
of the defect matrix associated to the type-II defect for the sshG model is presented in 
appendix A. 

3.3 Bosonic limit: Type-II defect sinh-Gordon model 

Now let us consider the case where the fermionic helds completely vanish. In this case, the 


bulk Lagrangian densities 

C-p = ^(9x0p)^ - ]^{.dt(l)pf + m^(cosh(20p) - 1), p = 1, 2, (3.44) 

describe the sinh-Gordon model, and the defect Lagrangian density can be rewritten as 
follows 

Cd = (p-dtXo - ^<P-dt<P+ + + bI-\ (3.45) 

Here, the defect potentials are 

(^) (3.46) 

V 2 / 

(3.47) 

V 2 / 6^2 

and the defect conditions can be rewritten in terms of helds (0+,0 _, Aq) as follows, 

2 2 

8x4)+— dt{(j)+— 2\o) = — ^ e^° sinh0_ — ^ sinh0_, (3.48) 

8x4)-— dt4>- = —sinh^ -I-(3.49) 

V 2 / CJ 2 

8x4)- + 8t4)- = (^) (3.50) 

V 2 / UJ^ 


It is worth pointing out that the dependence on the parameters { 001 , 002 ) is slightly different 
from the choice made originally in [10], where the defect potentials are described by the pair 
of parameters (cr, r). However, note that the defect potentials (3.46) and (3.47) belong to a 
family of equivalent two-parametric solutions of the constraint (3.40). This equivalence class 
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can be understand if we perform the following transformation, 

5(+) ^ S(+)+p(+)^ 5(-) ^ 5(-)+ p(-). (3.51) 

Then, if are particular solutions for the bosonic PB relation (3.40), then the functions 
have to satisfy the following constraint, 

= 0. (3.52) 

By considering (3.46) and (3.47), the above relation becomes, 

^ sinh (j)_ \uj 2 = 0. (3.53) 

The possible solutions for characterize the equivalence class of the defect potentials Bq'^K 
In particular, if we consider the following functions, 

= ojI cosh^ r, = ojI e^° cosh^ r, (3.54) 

with the parametrization, 

2 /5 2 \/ 2 m , . 

ijj-^ = \/2ma, UJ 2 = -, (3.55) 

a 

we obtain exactly the choice for the defect potentials made in [10]. It is worth pointing out 
that this equivalence class is strongly reduced in the supersymmetric case, because of the 
additional PB relation (3.41). In that case, we should perfom also a suitable transformation 
on the defect potentials (3.7) and (3.8), since extra terms coming from derivatives 
would appear and need to be compensated to satisfy (3.41). In section 4, it will be seen how 
the “compensating” terms appear naturally by performing a fusing of two kind of defects 
previously introduced in [5] for the sshG model. 

3.4 Fermionic limit 

A fermionic free held theory is obtained by setting the bosonic helds up to zero directly in 
the total Lagrangian. Then, for the bulk Lagrangian we get 

Cp = iijjp{d^ + - dt)i)p - 4:im^jJp^jJp, p=l,2. (3.56) 

The bulk helds equations are given by, 

{dx - dt)i}p = -2mijp, {dx + dt)i’p = -2mt[)p. (3.57) 

The defect Lagrangian takes the following form 

Bd = - 'ip+'ip-) + ifidtfi + ifidtfi + b['^^ + b[~\ (3.58) 

where 

^(+) ^ j A ^(-) ^ ^ ( 3 . 59 ) 

UJi \ / 002 
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The corresponding defect conditions at x = 0 take the form, 


m ~ 

V'- =-/i, 

UJ2 

7 ^ f 

= -/i, 

Ui 


m - m 


Ul2 (^1 


/l, 


dtfi = 


m , m 

- W+ - 

2 a ;2 2 


UJ2 (^1 


h- 


(3.60) 

(3.61) 


However, note that the defect potentials (3.59) are not solutions of the PB relation (3.41) in 
the fermionic limit, namely. 


- i (+ d.B\^>drB'f> )=Wi-W, 


,(-) 


(+); 


?(-) 


(3.62) 


It is not difficult to show that the only possible consistent solution is given for fi = ±/i. 
This case reduces to the fermionic free held model previously discussed in [5]. After imposing 
this constrain, the defect Lagrangian becomes. 


= ^(^Z’+V’- - V’+V'-) + + im [wi V+ T ^^2 V+] fi, (3-63) 

with the following defect conditions 

771 — 771 771 — 

V’- = T—/i, =-/i, dtfi = — [wf V+ T c^ 2 "V+] • (3.64) 

CJ2 4: 

Note also that the exact equivalence with the results derived in [5] would require to per¬ 
form the transformation -02 —t —"02 in expressions (3.63)-(3.64), together with the following 
reparametrizations. 


m 

m —)■-, 

2 ’ 


Ui —)■ 


f3\/m 


CU 2 —)■ ± 



(3.65) 


4 Fusing defects 

In this section we will construct a fused defect for the N = 1 sshG model by considering 
initially a two defect system of the type-I introduced in [5, 27] at different points, and then 
fusing them to the same point by taking a limit in the Lagrangian density. Let us consider 
that one of the defects in placed at x = 0 and the other at x = xq > 0. The Lagrangian 
density for this system is given by, 

C = 9{-x)Ci + 6 {x)Cdi + 6'(x)6*(xo - x)£o - S{x - xo)Cd 2 + - xq)C 2 , (4.1) 

where £p, with p = 0,1, 2, are the bulk Lagrange densities given by 

11 - - 

+ ii^pidx + dt)'ipp - #p(0x - dt)ijjp -7 [cosh(20p) - 1] 

—4im0p0p cosh 0p, (4.2) 

and the two type-I defect Lagrangian densities at x = 0 (fc = 1), and x = xq {k = 2) can be 
written as 

T-d,, = ^i(j)odt(j)k - (j)kdt(j>o) - #^00 - #fc0o - (-1)^ (2igkdtgk + B^^^ + ^ j , (4.3) 
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where Qk are the auxiliary fermionic helds dehned in the respective defect positions. The 
corresponding defect potentials can be written as^ 

= m(JkCosh.{(t)n +(t)k)+ —cosHcbn - (l)k), (4.4) 

_l)fc 


= 2i\/m -^/ofccosh 


(^k 

+ (pk 


+ 'lpk) 


\f^~k 


cosh 


00 — (pk 


0 - 0fc) , (4.5) 


where with k = 1,2 are two free parameters associated two each defect. Now, it has 
been claimed that the defects are fused at Lagrangian level after taking the limit Xq —)■ 0. In 
that case, we note that there no longer exists bulk Lagrange Cq for the helds (po, 'ipo, and 'ipo, 
which only contribute to the total defect Lagrangian at x = 0 and then becoming auxiliary 
helds. The resulting Lagrangian for the fused defect takes the following form. 


£|i = ^(-x)^! + 5{x)Cd + 9{x)C2, 
with the defect Lagrangian Cd = C,Di — k^D 2 atx = 0 given by 


(4.6) 


^D = - {(podt(p- - (p-dt(po) - #-00 - #-00 + ‘^igidtgi + ‘2ig2dtg2 + Bq + Bi, (4.7) 
The defects potentials Bq = B^'* + B^'^ and Bi = b[^^ + b[^^ can be written now as follows. 


Ba = -r 


m 

2 




+ e 


(t± 
+ eV 2 ■ 


1 ^ 1 -(t± 

—e 2 H-e 2 ) + e '' 2 

(Ji (72 


<p- 0 - 

(TlC 2 -I- (j2e 2 


1 1 ^ 

—e 2 -e 2 

(Ji (72 


(4,8) 


Bi = 1 

^ 4>— — — 4>— — — \ 

y/^e~ 5(000 + 0i) + 52(00 + 02)) 



/ 0_ _ _ 0_ _ _ \ 
yy/^e~~ giiipo + i^i) + 52(00 + 02) j 


( 

"" 1 1 \ 
i gi{'ipo 'ipi)+^e * g 2 {'ip 2 0o)J 


( tl>+ <))o 

+ 6 V 4 2 J 

/ 1 0— 1 0 — \ ' 
5'i(0o 0i) + 4 5002 0o)J J 

, (4.9) 


First of all, by considering the defect potential (4.8) of the fused defect, and performing the 
following identihcations. 


A 

2 ’ 


(Ti = (76 


C72 = (7 6 , 


(4.10) 


we get. 


Bn = ma 


1 / -r- \ 

6 2 cosh ( — -r ) + 6 


1 ; -r- 

2 cosh ( — + T 


+- 


m 


a L 


e 2 cosh 


W+-A) 

+ r ) + 6 2 cosh ( -^- T 


(4,11) 


^Let us recall that equivalence with notation used in [5] requires that m —>■ —m/2, '0 —>■ y/iip, ip —>■ #'(/') 
and Qk Vigk- 
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that the bosonic part of the fused defect described in eqs. (4.7)~(4.9) is exactly the type-II 
defect Lagrangian for the sinh-Gordon model introduced in [12], In this setting, there are 
no coupling terms for the bulk helds and (j) 2 ^ which can be understood through the fusing 
procedure. In order to show the equivalence to the original framework for the type-II defects 
introduced in [10], the auxiliary held can be redehned as follows. 


00 -t -Ao + 


0 + 


— In 



Then the bosonic part of eq. (4.7) takes the following form. 


(4.12) 




bosons 


4>-dtXo - -(j)-dt(j)+ -f ma 


g(<^+-Ao) ^ g-G+-Ao) pQgp pQgp ^ 



g Ao gAo 




(4.13) 


which corresponds to the bosonic limit (3.45)-(3.47) of the type-II defect Lagrangian density 
for the sshG model derived through the super-Backlund transformation when r = y, and 
by identifying the parameters as follows, 

ool = = ma. (4.14) 


Let us now consider the fermionic part of the fused defect Lagrangian and discuss the pos¬ 
sibility of obtaining in any limit the type-II defect proposed in section 3. Since the helds 0o 
and 00 do not have any bulk contribution to the fused Lagrangian (4.6), and no time- 
derivatives of them are present in the defect Lagrangian (4.7), they are essentially Lagrange 
multipliers which can be eliminated from the defect Lagrangian. To do that, we use the 
defect equations involving the helds 0o and 0o when xq —)■ 0, to get 


0+ ,- 

00 =-^ + aM 


1 , 7 *^0 ~ 01 \ , 1 U 7 *^0 “ *^2 , 

cosh I-^-1 gi H-— cosh --- g 2 




.\/dT 

y^cosh 


+ 




gi - cosh 


-l“ 


92 


Now, by noting that 


- i0_0o = —^0+0- - ^ 

2 (7 


-i0_0o = -0+0- — 2ima 


(4.15) 

(4.16) 


cosh 



-0o) 

9192, 

(4.17) 

cosh 

(t)+ 

t0+ 
V 2 

1 1 - 

O 

+ 

9i92, 

(4.18) 


we hnd that the fermionic part of the defect Lagrangian (4.7) takes the following form. 


-0D 


fermions 



0 + 0 _) 2igidtgi 2ig2dtg2 + 


(4.19) 
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where, after using the identihcations cxi = ere ’’ and a 2 = ue^ and performing the shift (4.12) 
in the field 0O) fhe defect potential B[ reads, 

—-^o) / \ (^+—"^o) / \ " 

B[ = iy/^ e ^ (/ii(0 _,r) 5 (i+ P2(</>-, r)fif2)+e ^ + iy 2 {(j)-,T)g 2 ) 4}+ 


i\/m 


a L 


6 2 (z/2(0_,r)^i - i/i(0 _,r)^ 2 )+e 2 (p2(0-, r)^i - pi(0_, r)^2) 

In /rh \ p{4>+-^o) 




( 1 \ /0 \ 6^^"^ / \ / 0 \ 

a -\— ) cosh ( ) gig 2 + ima --r-- + e“^''^+“^°^cosh — t^) 

' V 2 / cosh (^ — r) V 2 / 


im 

a 


3-'*'0 


- —7 -- + e^°cosh ( —-r 

cosh — r) ^2 


9192- 


9i92 


(4.20) 


Here we have dehned the functions. 


/^i = 


z/i = 


1 + 

+ 6 


1/2 


_|_ p-Sr"! 1/2 


Pi 


P2 = 


1/2 = 


1 + 


1/2 


e'P- + 6 


2t 


-I 1/2 


6 

P2 ’ 


satisfying the following relations. 
Pi + P 2 = 2, 


<t>- 

/xiz/2 = e 2 


4>- 

^2Z/i = e 2 


z/^ + 1/3 = 2 cosh ( —-r j cosh ( — + ) = [ cosh 0_ + cosh(2r 


(4.21) 

(4.22) 

(4.23) 

(4.24) 


In order to match to the type-II defect potential Bi = b['^^ + b[ ^ given by (3.7) and (3.8), 
the fermionic helds gi and g 2 must be redehned by a linear transformation in terms on new 
fermionic helds fi and /i. Taking into account the relations (4.23) and (4.24), we propose a 
general linear transformation as follows. 


_ Pi . P2 ? _ 712 . I Pi ? 

9i — —^Ji) 92 — —Ji + 

As a result the fermionic part (4.19) of the defect Lagrangian becomes, 
i 


(4.25) 


C 


D 


= o(V’+V’- - + ifidtfi + ifidtfi - /(pi9tp2 - P25 zPi)/i/i 

fermions Z 


iy/ma 


(<j>)-Ao) 


_ (^+-Ao2 

+ 6 2 cosh r ) V’+/i + e 


(<(»+-Ao) 


sinh 


V’+/i 


—I 


6 ^ + 6^ coshr ) V’+/i — 6^ sinh 


+ 1) cosh + ^ 


O —Ao 


cosh — r) 


ima 


g(</>+-Ao) 


cosh -r) 


+ e"('^+"^°)cosh - rj 


V'+Zi 


+ e^°cosh ^ 


/i/i- 


r 


/i/i 

(4.26) 


16 












































Now, by using the definition of the functions /ii and H 2 in (4.21), we find 

- - f^2dti^i)fji = - -—- -idt(j)-)fji. (4.27) 

2 cosh — T) 

Then, the above results are suggesting the introduction of a new shift in the Aq field as 
follows. 


-^0 Aq + 


i 

2 cosh — r) 


/i/i- 


(4.28) 


Clearly, this redefinition of the auxiliary field Aq does not contribute with any additional 
term to the fermionic part of the defect Lagrangian (4.26). However, by performing the shift 
(4.28) over the bosonic part of the defect Lagrangian (4.13), we get the following additional 
terms. 


2 cosh -r) 

tm 


(5t0-)/i/i 


ima 




cosh — r) 


-(0+-AO) pQgp ^ 


cosh — r) 


3A0 


cosh ( —- + T 


/i/i- 


/i/i 


(4.29) 


The first term will cancel out the contribution coming from eq. (4.27), and the last two 
terms will contribute to the final form of the defect Lagrangian density, which now can be 
written in the following way. 


Cd = (f>-dtXo - + ^('0+'0- - + ifidtfi + ifidtfi 

where the defect potentials are now given by. 


B, 


(+) 


B, 


(-) 


B 


= ma 

m 

a 


(+) 


g(0+ Ao) _|_ g {(!>+ Ao) -|- cosh^ rj 


g-Ao gAo j ^ ^ 


(4.30) 

(4.31) 

(4.32) 


(■jj^-Ao) _ (0 +-Aq) 

6 2 + e 


—iy/ma 

+ima(^l + coshrj cosh 


—Aq) ^_ 

^ cosh r ) -0+/! + 6 5 sinh ( ^ ) 0+/i 


(4.33) 


b[-^ = 


im 
-*W — 

im 


Aq 


Aq 


a 


e 2+02 coshr ]ip+fi — 62 sinh ( — jV’+Zi 


— (1 + 6^° cosh T ) cosh ( — ) /i/i. 


(4.34) 


Then, this is the supersymmetric extension of the type-II defect derived in [12] for the sshG 
model obtained through fusing of two type-I defects of the kind given in [5]. This defect 
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Lagrangian also contains two arbitrary parameters a and r. In addition, it should be pointed 
out that the type-II defect Lagrangian (3.4)-(3.8) derived from consistency with the type-II 
super-Backlund transformation for sshG model can be recovered in the limit r = i7r/2, after 
identifying the parameters 


(4.35) 


CJl — —Y —) ^^2 — \/ TTKJ. 

Now, the corresponding defect conditions x = 0 can be written as follows. 


d^(j)+ - dt{(()+ - 2 Ao) = -m 


^g-(<^+-Ao) ^ _gAo 

a 


sinh (j)_ — im[a -\—j sinh )/i/i 


_ (-^+->0) /'4>-\ Jr . m ho , 

mere 2 cosh cosh 


V'+Zi 


—^m 


^g-(0+-Ao) ^ _gAo 

a 


coshrsinh I — )/i/i. 


(4.36) 


{d^ + dt)(i)- = 2ma 


i’- 

i’- 

dtfi 


„-(0+-Ao) 


^sinh^ (^) ~ 


. . -/ (■l>+->o) (0+-Ao) \Jr 

-\ri\/ma[e 2 _ e 2 coshri'^+ji 


{d:r - = 


-z^/^e-^sinh 

+2ima cosh r cosh j /i/i, 

e~^° — e^° ^sinh^ (^) cosh^ rj 


2m 

a 


im 

— 


e ^ — e 2° coshr)'?/’+ /i + e 2“ sinh ( ^ )V’+/i 


•^0 


e^° cosh r cosh 




= / 


ma 


(4.37) 


e 2 sinh ( — ) /i — ( e 2+02 cosh r) fi 


(</»+-Ao) ( 0 +-AO) \ (</>+->'0) , 

e 2 + e 2 cosh r) ji + e 2 smh ( — jfi 


(4.38) 

(4.39) 
, (4.40) 


Wma ( {^+-^ 0 ) {4>+-^o) 

' e 2 ' - 


m 

T 


(■^+-^ 0 ) , \ 7 1 [m M . , /0-\ , 

+ e 2 coshrj'^+ + -Y—e 2 smh 

^cr + — j + ^(76“*''^+“'^'’^ + —j coshr cosh (4-41) 


dtfi = 


Jma G+-^o) , - /0-\ 7 1 /m/ ^ , 1 , 

—^—e 2 ^lYih y——-J — (^e 2 - 1-02 coshr)'^+ 


+ - 


m 


^cr + — j + (^ae coshr cosh (4.42) 
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It is easy to see that defect conditions (3.12)--(3.18) are recovered in the limit r = i7r/2 
using the identihcations (4.35). In addition, it can be shown directly that the type-II de¬ 
fect potentials obtained by fusing procedure (4.31)-(4.34) also satisfy the Poisson bracket 
constraints (3.40) and (3.41), guaranteeing that they belong to the two-parametric family of 
equivalent solutions, and consequently the modihed energy, momentum and supersymmetry 
of the non-fused type-I defects are preserved after fusing them. This fact indicates classical 
integrability of the fused defect. Nevertheless, it remains to derive the corresponding defect 
matrix associated to the defect conditions obtained by fusing procedure (4.36)-(4.42). It 
allows us to compute defect contributions to an inhnite set of modihed conserved quantities 
for the sshG model. The explicit computations are presented in appendix A. 


5 Backlund solution for the sshG model 


In this section, we will consider the classical behaviour of a solution of the sshG equation in 
the presence of the type-II defect. 

Let us hrst consider the following solution for the N = 1 sshG equation on each side of 
the defect [5], 


g<Ai = 


1 - 1 - El 
1-El' 






+ 


1 -|- E 2 
'I-E 2 

1 


Ej = Rj 


J = l,2 


1 + Ei 1- E. 


Ipl = 6 %, '4)2 = - 6 ^ 2 - 


(5.1) 


where e carries the Grassmannian character of the Majorana helds, z = R 2 /R 1 represents the 
delay suffered by the bosonic part of the solution, as well as C = S2/S1 represents the delay 
suffered by the fermionic part of it. The constant a and b satisfy the relation a4 — = Am'^, 

and then can be conveniently chosen as. 


a = —2m cosh 6, b = 2m sinh 6, 


(5.2) 


where 0 > 0 is the rapidity parameter. Note also that the solution (5.1) only have one 
fermionic parameter e, and therefore bilinear fermionic terms immediately vanish. In fact, 
the fermionic solutions are not involved in the computation of the delay z obtained from the 
bosonic defect conditions. 


{a, + a,)4'- = sinhT A) - ^ 

= -2ule^° srf 

\ Z / UJ 2 

From eqs. (5.3) and (5.4) we get the two possible expressions for the auxiliary held Aq, 

Ao e-^+{d^ - + ujjidg; + 


:,((/>+-Ao) 


3-Ao 


(5.3) 

(5.4) 


e^" = 


4m^ sinh 0_|_ 

e^+{d^ - dt)(l)- + ujfjd:, -F dt)(j)- 

sinh 0 +(cosh — 1) 


(5.5) 

(5.6) 
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Then, we get two possibilities for the bosonic delay z, namely 


y^m+e-iem) ’ ~ 


(5.7) 


where we have introduced the parametrization oj^ = , k = 1,2. This expression can be 

rewritten as 


Zi = tanh 



Now, by considering z = Zi we hnd 


where. 


im {1 + Rid){l + R 2 d) 
0 J 1 OJ 2 (1 — pRid){l — pRid) ’ 


P 


tanh 


f9 + r]2-rii ^ iiry 

V 2 ^ 4 )^ 


P 


coth 


f9 + r]2-pi 

V 2 



d = e“. 


(5.8) 


(5.9) 


(5.10) 


It is important to note that by making p2~hi = 9 —?• —9, we recover results previously 

analysed in [10, 12]. 

On the other hand, we can hnd expressions for the auxiliary fermionic helds in the same 
way implemented for the held Aq . In this case, using the equations (3.15) and (3.16) we hnd 
the following expressions for the auxiliary fermionic helds /i and /i. 


fi 


h 


me '0_ + e e'^° sinh 

mPe '^‘2 Oi+^ 2 ) g ■'■j ° +{vi+V 2 ) gAo sinh^ (^) 

tfj- — e'^° sinh 

m^e "*"2 9ii+n2) ^ g =4 i-Oi+^2) gAo gjnh^ (^) 


(5.11) 


(5.12) 


An intriguing result is that the fermionic delay ^ turns to be arbitrary, in the sense that the 
defect conditions do not provide any constraint that allows us to determine S 2 in terms of si, 
at least for one-soliton solution. The consistency of the defect conditions for the fermionic 
helds suggests that somehow the auxiliary helds fi and fi compensate the delay suhered by 
the fermion helds passing through the defect. This curious fact could be better understand 
if one consider more general soliton-solutions for the sshG-model. 

However, as it might been expected from the results obtained in [5] for a fermion/boson 
system passing through a defect, the fermionic delay ( would be the same as the bosonic 
delay z. In particular we would have an additional constraint on the auxiliary fermionic 
helds. By assuming that the fermionic delay is given by 


_+ ^ 

^ ~ ^ ~ ye^2+6 _ ieVi 


(5.13) 
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we find that the two auxiliary fermionic helds fi and fi are related as, 


/i 


(1 + + zRid) ^ R\d\ ~ 

{1 — Rid){l — zRid) \l — ^Rid) ^ 


(5.14) 


Although ^/z has two roots, only the negative root is considered for consistency with the 
fermionic defect conditions in order to obtain the correct result for the fermionic delay. In 
the fermionic limit (i?i —?• 0) the auxiliary held fi becomes —/i, which is consistent with 
results obtained in subsection 3.4. 

Considerations of a general class of solutions of the type-II defect conditions following 
the line of [5], which could allow changes in the character of the soliton could give a light 
to understand the apparent arbitrariness in determining the fermionic delay. This relevant 
issue raised from this work is important to address future investigations and deserves to be 
deeply studied. 


6 Final remarks 

In this paper, we have derived a type-II integrable defect for the N = 1 supersymmetric 
sinh-Gordon model by using two different methods, namely, superextension of the Back- 
lund transformation and the fusing procedure. A new super-Backlund for the N = 1 sshG 
equation was given in section 2, described by the three superhelds A, / and /. The defect 
conditions consistent with this new transformation were derived in section 3, the supersym¬ 
metric invariance was properly shown, as well as the derivation of the modihed conserved 
energy and momentum. Interestingly, the bosonic limit corresponds to the type-II Back- 
lund transformation for the sinh-Gordon model [10, 16]. Also, it has been shown that the 
type-II defect derived for the sshG model can be obtained by fusing two defects of the kind 
previously derived in [5]. 

In view of the results, it would be interesting to consider the possibility of hnding super- 
symmetric extensions of the type-II defects for other models with extended supersymmetry, 
for instance the N = 2 super-Liouville and sshG equations. Associated integrable defects 
could be found as a results of the fusing defects of the kind already known [7]. 

Also, it is possible to hud new integrable boundary conditions for the sshG model by 
using the type-II integrable defect for the sshG following the line of [30]-[32]. Some of these 
questions are expected to be developed in future investigations. 
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A Defect matrix 


Let us consider the Lax pair depending on the respective helds 0p,V’p, and 'ipp^ written 
in the following form®, 



/ AV2 - 

-1 

'/i'lpp \ 

= 

-A 






2A1/2 y 



/ 

m^y-l/2 



A^I^ = 


_m2 -2(/)p 

4 ^ 

y-1/2 



\ 

q-4>p 


^A-1/2 


(A.l) 


(A.2) 


where A here represents the spectral parameter and should not be confused with the any 
component of the superheld A. The graded matrix K connecting two different solutions of 
the associated linear problem for the N = 1 sshG equation, namely = /C(A)\ 1 ' 2 , where 


9±Tp(a;±, A) =A), P = l,2, 


(A.3) 


satishes the following equations, 

a±/C = 


(A.4) 


First of all, to make the derivation of the defect matrices clearer for the reader we will now 
present the system of equations (A.4) explicitly in components (see also [27]). Then, by 
considering the following A-expansion for /C, 

}Cij = ttij + A (A.5) 

where aij,(3ij, and jij being the entries of 3 x 3 graded matrices, we get the following: 


A+3/2- terms: 


7l2 — 7l3 — 732 — 0, 7ii — 722- 

(A.6) 

A"*"^- terms: 

ai2 = 7i3 

(A.7) 

7i3 = -7i2V^^i, 

(A.8) 

732 = -712V^^2, 

(A.9) 

ttll — 0:22 = (V’2 731 “ 723 V'l) 5 

(A. 10 ) 

ai3 + 723 = V^(^2 733 - 7ll^l) , 

(A.ll) 

731 +0^32 = (^1 733 - 7ll ^ 2 ) • 

(A.12) 

®Note that equivalence with notation originally used in [27] would require that m = 
= Vl'ijjp- 

—2, i/jp = '/itpp and 
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A terms: 


/^21 — /^23 — /^31 — 0 ) P22 — • 


A terms: 


tt 21 

/^23 

/^31 

an e'^- - a 22 e"*^" 
an 6*^“ — a22 6 

agi e('^++'?^-) + /?32 

a23e^'^+"'^-) +/9 i3 


2 \/i (<t‘+-<i>-) 

- V 2 P31 e 2 : 

m 

2 V^ 


/52i V'l e 2 ^ 

m 

2\fi {4>+-<k-) 

- W2 P21 e 2 

m 


<}>- <f>- 


2 "^/^ </>_!_ v-_ v-_ 

-e~ (a23 A e~~ + e“ ^/>2 aai), 


m 


0- 


2 "^/^ 0_i_ 0 _ -f-_ 

-e"~ (02/^32 e"“ + e“0i3 0i), 


m 


0_ . 


2 V^ ^+/ . a I - —\ 

-e 2 (033 016 2-022 02 6 2 


m 


2 - 0 ^ ^ a I 

e 2 (011016 2 - 033 026 2 ). 


m 


(A.13) 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

(A.18) 

(A.19) 

(A. 20 ) 


We can see that eq. (A. 6 ) and (A.7) implies immediately that ai 2 = 0, and similarly from 
eqs. (A.13) and (A.14) we hnd that a 2 i = 0 . A set of differential equations arise from the 
A° and A^^^^ terms, which are presented below: 


A°- terms: 


d+aii = 

-an 5+0_ + \/f (013 01 - 02 a3i), 

(A. 21 ) 

^+ai3 = 

^ 9+(0+ - 0_) + 013 + a23 - V^02 a33 + \/i(an + 012)01, 

(A. 22 ) 

5+a23 = 

-^^+(0+ -0-) + V^(022 01 -02 033), 

(A.23) 

C?+a22 = 

a22 5+0- + V^(a23 01 - 02 032), 

(A.24) 

^+a3i = 

-^^+(0+ + 0-) + 0^(033 01 - 02 01l), 

(A.25) 

5+a32 = 

^9+(0+ + 0_) - a3i - 032 + a33 \/f0i - \/i02(012 + a22). 

(A.26) 

^+a33 = 

V^(032 + a3i)0i - V002(a23 + 013), 

(A.27) 

9_an = 

\/im “A- , '^+ , X 

2 6 2 (013 016 2 + e 2 02 73 i), 

(A.28) 

9_ai3 = 

y/im ‘^+ / \ 

2 6 2 (6 2 02 733 711016 2 ), 

(A.29) 

d-a22 = 

^/im ‘1’- , ‘1’+ , 1 \ 

2 6 2 (e 2 -02 032 + 723 01 6 2 ), 

(A.30) 
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<9-023 = 

(9-031 = 

<9-032 = 
<9-033 = 

terms: 

<9-/911 = 
<9-/3i2 = 
<9-/?13 = 

<9-/322 = 
<9-/332 = 

<9-/333 = 

<9+/3ii = 
<9+/3i2 = 

<9+/3i3 = 
<9+/322 = 

<9+/332 = 
<9+/333 = 


^(723 + 0136 ^ 9 + + __(^2ie 2 + 022 6 2 

-y/im _ N 

- —e 2 i/(2a33, (A. 31 ) 

W? , -(6^+6 / / _++Z^ {4>+-4>-) 

—^ (731 + 0326 ^ 9 ++<A-)^ __^2(e 2 an + e 2 ^21) 

\/im , (4>++4>-) ^ 

- —assVi 6 2 ^ (A.c 

Vim ... 

-^6 2 (733^/)ie 2 -e 2^2711), (A.c 

Vim, (■»++</>-) (./>++./>-) \/im (./>+-./>-) (4>+-4>-) 

^—(7316 2 + 0/326 2 -" oi 3 + e 2 723 )- 


(A.32) 

(A.33) 


(A.34) 


777 ,^ , , , \/ITfl 4>— <f>-i. </>-!- 

^e"^-(72ie^+-^12 6"^+)-— ^2*^31), (A.35) 

^711 g</!>+(g-0- _ + e"^i/>2 032), (A.36) 

^ (723 e^9+-3'-) + /3i2 ) i/^i 

-4^6^^2 033, (A.37) 

^ 69- (/3i2 6"9+ _723e9+) _ 4^6^(023^16^ + 6"^ l/>2 /332), (A.38) 

-4 («32 + 731 6(9.^9-)) + 4^^2(6^022 + 6-^A2) 


Vim {<i>++4>-) 

—^033 ipie 2 , 


(A.39) 


Vim (</»++</»-) w++A4n \/i?Ti (0+-./»-) (./»+-</»-) 

—^—(/3326 2 -|-Q/g^e 2 )'^i H—-—'^2(6 2 -|-e 2 O23), 


-/3ii (9+0-, 

/3i2 (9+0+ + 022 — 011 + V^(013 01 ~ 02 032); 

4 '^+(0+ “ 0-) + ^(01101 - 02033), 

022 0 + 0 -, 

4*9+ (0+ + 0-) + \/^(033 01 - 02 022) , 


(A.40) 

(A.41) 

(A.42) 

(A.43) 

(A.44) 

(A.45) 

(A.46) 
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_\+i/2- terms : 


d-hi 

5-721 

5-723 

5-731 

5-733 

5+711 

5+722 

5+721 

5+723 

5+731 

5+733 


0 , 




■)-2 (723^16 2 +62 V>273i), 


\/im _7+, ^ 

——e 2 (e 2 i/>2 733 - 7ii ^1 e = ), 


■s/im _7+. , ^ , 

— ^ 2 _e 2 ^ 2711 ), 


0 , 


-7115+0_ + 721 - /3i 2 + V^(ai3 i’l - ^2 731), 

722 5+0_ - 721 + /3i 2 + V^(723 ^1 “ ^2 a32), 

-721 5+0+ + 011 - 022 + V^(tt23 01 - 02 031), 

-^5+(0+ - 0_) + 013 + 023 - \/^02 033 + V^(a22 + 72l)0i, 

-^5+(0+ + 0_) - 032 - asi + V^a33 0i - A/i02(a!ii + 721), 
V^(a32 + 73 i)0i - \/i02(ai3 + 723)- 


(A.47) 

(A.48) 

(A.49) 

(A.50) 

(A.51) 

(A.52) 

(A.53) 

(A.54) 

(A.55) 

(A.56) 

(A.57) 


Note that besides having ai 2 = 021 = 0 , we hnd from eqs. (A. 6 ), (A.13), (A.46), (A.47) and 
(A.51) that 7 ii = 722 = cii, 733 = C33, 0ii = 6 iie"'^-, 022 = &iie'^-, and 033 = 633, where the 
Latin letter bij and Cij denote arbitrary constants. For convenience, we chose 633 = &11 and 
C33 = cii. Then, substituting in eqs. (A.11) and (A.12), we get 

ai3 + 723 = -(731 + ^32) = -V^ cii0_. (A.58) 

In addition, from eqs. (A.29), (A.33), (A.49), and (A.50), we hnd 


5 -(ai 3 + 6132 ) — 0, 5_(73 i + 723 ) — 0, 


(A.59) 


and therefore we will consider the simple solution with ai 3 = —032 and 731 = — 723 . By 
introducing the following parametrization 


0 i2 = 6i2e('^+-^°), 

and substituting in eqs. (A.36) and (A.42), we obtain 


(A.60) 


5_i_An — 


e-('^+-^°)sinh0_ - ^e-('^+-^°00i3 0i -02 032)• 
Ol 2 012 


2&11 


(A.61) 


5-(0+ — Ao) — 




2h 


e^° sinh 0 _ 


y/im _ + +Ao 

-6 2 +''°q;i3 


12 


2b 


12 


0 + cosh ( sinh ( 


(A.62) 


By comparing with eqs. (4.36)-(4.42) we hnd the following constraints on the parameters 
from the bosonic terms of the above equations. 


6 11 ma Cii 1 

612 4 ’ bi 2 ma’’ 


(A.63) 
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and from the second term in (A.62) we get, 


r. - (</»+-Ao) 

ai3 =-v^mcrcii e 2 


From (A.58) we get 

723 = -\Jima Cn e 2 


Aq) 


sinh ( — ) /i + cosh r /i 


and from eqs. (A.19) and (A.20) and the defect conditions, we find 


ttsi e 


(«*+♦-)+ fe = 




mcr 


An An 


e 2-1-0 2 cosh T ) /i — e 2 sinh ( — ) /i 


(<A+-0 ) , a 2\46 ii 

023 + /?13 = , - e 2 

\Jma 


e 2° -I- e 2° cosh r ) /i — e 2” sinh ( ^ ) /i 


(A.64) 

(A.65) 

(A.66) 

(A.67) 


A compatible solntion for eqs. (A.66) and (A.67) is given now by 


Ct23 — Ct31 e , 

/^32 = /5 i 3 , 


‘lyfi (0+-AO) </»- 

«3i = j Oil e 2 0 2 


yjma 

2\/i {<i>+-^Q) </»- ~ 

/5i3 = ^=Oiie 2 e ^ fi. 

yjma 


cosh r /i - sinh ( ^ ) /i 


(A.68) 

(A.69) 


Now, by considering eq. (A.46), namely 


\/im {^++<t>-) (4>++’i’-) \/im _ w+zAil ^ 

d_/t33 = (/332e 2 +a3ie = )^i + ^—y’2(e 2 /Sis + e 2 0,23), 


\/i; 




/3l3e 2 -|- 0 2 cj ;23 


= 0 , 


the consistency of the above resnlts is verified. In addition, eq. (A.61) takes the following 
form 


9_i_Ao = —*'‘^+ sinh0_ — (1 + e cosh r) sinh /i/i 

bi2 bi2 V 2 / 

2ibii (0+-AO) 


bi2\/ma 


e 2 cosh — )'0+/i 


(A.70) 


Let ns now consider the eqs. (A.35) and (A.52) involving (3ii and 711, namely 


c?_0_ = 


.A. 


46 


-721 + 


^ —e ^° + ^ (e 2° coshr - e 2" ) 


11 


~ coshr cosh (A.71) 




9_i_0_ = --e' 

Cll Cii 


iJma {<t>+->'o) 

-e 2 sinh , 

2 V 2 


6 2 —0 2 coshr)'0+/i 

^+/i- 


(A.72) 
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Then, by comparing with the defect conditions (4.36)~(4.42), we find that a suitable solution 
for 721 is given as follows, 


721 = 


sinh^ f ^ j + cosh^ t + i cosh r cosh ) f\fi 


(A.73) 


an - 022 = -imacn sinh ( — )/i/i, 


In addition, the constraints (A.10), (A.17)-(A.18) for an and a 22 take the following form, 

(A.74) 

an - 022 e"'^- = *’?^crcn sinh (A.75) 

and then, we get 


022 — Clll 6 


I </»- 

an = -macne ^ fifn 


Finally, by considering eq. (A.31) we hnd the following relation. 


033 (V>+ - V’-) = -macn 
Now, using that fifii/j- = 0, we conclude that 

O33 = —macn 


i cosh /i/i + cosh T 


(V’+ - V’-)- 


i cosh ( — ) /i/i + cosh T 


(A.76) 


(A. 77) 


(ATS) 


is a consistent solution for the eqs. (A.27) and (A.34). Therefore, we have found a different 
solution for the defect matrix, and can be written as follows 


(A.79) 



( /Cn 

/C12 

/Cl3 

/c = 

/C21 

/C22 

K 2 Z 


iv /C31 

/C32 

/C33 


where 


^macne '^2 /i/i + A ^/^6n e + A^/^cn, 


/Cn = 
/C 12 = 


n - ( 0 +-AO) ,_l/2 2\/i (-^+-^0) 

— V^macne 2 y / on e 2 e ji, 

yjma 


/Cl3 

/C 21 = A^/2&i2e-('^+-^°) 

/C 22 
/C 23 


^12 


sinh^ (^j + cosh^ r + z cosh r cosh ) fifi 


-macn e 2 /i/i + A ^/^6n + A^/^cn 

2y/i 


y/ma 


hn e 


(</»-|--Ao) </>- 


cosh r /i - sinh ( ^ ) /i 


,1/2 n - 

—A ' V zmcr Cn e 2 


sinh I — ) /i + cosh r /i 


(A.80) 

(A.81) 

(A.82) 

(A.83) 

(A.84) 

(A.85) 
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/Cai = 


e 


‘l\fi , (</>+->o) 

^/ma 

+\^/‘^\/ima Cii e "^2 


cosh r /i - sinh ( ^ ) /i 


sinh 


fi + cosh r /i 


n - (<A+-Ao) , 2\/i (■’^+-^0) ? 

/C32 = V^mcrciie 2 + A ^ ,- bu e 2 e 2 


/C33 — —mcTCii 


y'ma 

i cosh ( ^ ) /i/i + cosh r 


+ A 


where the constants parameters satisfy the following relations, 


ma, 


bn = —bi 2 , bi 2 = macn- 

The solution for the differential equations (A.4) leads to the following equations, 


a_(0+-Ao) = 


m 


im 


-e^° sinh 0_ 

2a la 


d_4>_ = — 
a 


1 + e^° cosh Tj sinh 

V'+Zi, 

^0 - (^sinh^ + cosh^ rj 


fifi 


i m ^ 

■-\ —e 2 cosh 

2 V a 


i m 

’ 2 V ^ 

im 
a 


_ •''0 -’'0 


^>0 


e 2—02 cosh r )' 0 +/i + e 2 sinh ( — ) V’+/i 


d+(j)- = ma 


e^° cosh T cosh j /i/i, 
g-(0+-Ao) j + cosh^ r'j — 


iJma ( (H-^o) {^+->^ 0 ) , \ , r 

6 2 — e 2 coshrl'^+ji 


iJma ('^+-^ 0 ) , / 0 _ 

- 6 2 sinh — 

2 V 2 


5+An — 


+ima e cosh r cosh 

,-(*.->0) (1 + cosh r) sinh 


iJma {^+->- 0 ) 
- 6 2 cosh 


V’+/i, 


= 

'll)- = y/ma 


sinh ( ^ ) /i — ( e cosh r ) /i 


(<j)+-Ao) (i^-)--Ao) 


6 2+0 2 cosh r) /i + 6 2 sinh 


(c^^-Aq) 


fl 


(A. 86 ) 

(A.87) 

(A. 88 ) 

(A.89) 

(A.90) 

(A.91) 


(A.92) 

fill 
(A.93) 
(A.94) 
, (A.95) 












































d+fi = 

d-h = 
d-h = 

d+fi = 


ma 


)^+ + 

£-(</■+-^o) coshr cosh fi 


Jma ('^+-^ 0 ) . , 
-e 2 smh , 

2 V 2 




(A.96) 

(A.97) 


^Y'^(e 2 ° +6 2 ° coshrjV’+ ~ ^ coshr]cosh (A.98) 


^ ^ ^ coshrjcosh (A.99) 


y/ma { (+-^o) (+-^o) , \ - mcr , /0_ . „ 

—2 +e 2 coshrj?/>+-—cosh (^—)/i 


ma 


e coshr cosh ^—j/i, 


(A.IOO) 


which correspond to the type-II super-Backlund transformation for the N = 1 sshG model 
with two arbitrary parameters (a, r) derived throngh the fnsing defects in section 4. Consis¬ 
tency with the snper-Backlnnd presented in section 2 is shown by parametrizing r = i7r/2, 
and 


ui = -Ui = ~\l ~y ^2 = - 1^3 = \/ma. 


(A.lOl) 


Finally, we note that this form of the type-II snper-Backlnnd transformation can also be 
written in terms of snperhelds in the following way, 


m A 


L)_($+-A) = 62 / cosh 

_ ^_ ($_p—A) _ /$_ 

D+A = \/ma e 2 f cosh 


_ £1 _\ /> _ 

6 2 + cosh r e 2 ) / — 6 2 sinh 


-D+<h_ = —y/ma 

L)_$_ = 

where the anxiliary helds satisfy the relations, 
D+f = —iy/ma 


('■'+-A) , (■■■+-A) \ ^ (*+-A) . /$_ 

6 2 + cosh re 2 |/+e 2 


d). 


/ 


(A.102) 

(A.103) 

,(A.104) 

(A.105) 


■ (^+-A) (^+-A) 

6 2 — cosh re 2 


D-f = 


6 2 — cosh r e 2 


pm A 

D_j = iy — 6 2 sinh ( 

^<F_' 

k'Y, 

), (A.106) 

($+-A) 

= iy/ma e 2 sinh | 


), (A.107) 


and can also be split in components by nsing expansions of the snperhelds A, /, and / given 
in (2.13)-(2.15). 
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